We obtain new nonexistence results of generalized bent functions from Z n q to Z q (called type [n, q] 
Introduction
Bent functions were first introduced by Rothaus [15] in 1976, which are functions from Z n 2 to Z 2 with some property, where Z m = Z/mZ for a positive integer m. Dillon [1] showed that bent functions are the characteristic functions of elementary Hadamard difference sets. Bent functions have many applications to coding theory, cryptography and sequence designs [12] . In coding theory, bent functions have the maximum distance to the first order binary Reed-Muller code. In a cryptsystem, functions with large nonlinearity values are usually employed to resist linear crypto-analysis and correlation-attack, and bent functions are just the ones with maximum nonlinearity.
Bent functions have many generalizations. Kumar et al. [8] considered bent functions from Z n q to Z q in 1985, where q and n are positive integers. Later, bent functions were generalized to arbitrary finite abelian groups [10, 16] , even to arbitrary finite groups [14, 19] .
A natural question is when bent functions do exist. Rothaus [15] proved that bent functions from Z n 2 to Z 2 exist if and only if n is even. However, this problem is far from being solved for other type of generalized bent functions. For generalized bent functions (GBF for short) from Z n q to Z q defined in [8] , Kumar et al. constructed them except the case that n is odd and q ≡ 2 (mod 4). There are many nonexistence results for GBF defined in [8] , for example, see [13, 6, 2, 3, 4, 7] and the references in [7] . Especially, Feng and co-authors built connections between nonexistence of GBF and class numbers of imaginary quadratic fields in [2, 3, 4] . In fact, they proved stronger results, i.e., there are no algebraic integers with prescribed absolute values in some cyclotomic field. However, GBFs' existence request that there are algebraic integers with prescribed absolute values in some cyclotomic field and some specific conditions (so-called bent conditions) are also satisfied. In [7] , Jiang and Deng showed that there are no GBFs from Z n q to Z q with n = 3 and q = 2 · 23 e for e ≥ 1. Notice that there are algebraic integers with prescribed absolute values (2·23 e ) 3 2 in the cyclotomic field Q(ζ 23 e ), but Jiang and Deng showed that the bent conditions are not satisfied.
Motivated by the results in [6] and [7] , we generalize the method used there and we obtain further nonexistence results for GBFs from Z n q to Z q . For the details, see the following section. This paper is organized as follows. In Section 2, we list some previous work and state our main result. We prove the main result in Section 3. In section 4, we apply our method to GBFs from Z n 2 to Z m and obtain similar results. Finally, a short conclusion is given.
Previous Work and Our Main Result
Let q ≥ 2 be an integer,
is the Fourier transform of the function ζ [7] . Here we list a special case which is proved by Feng:
(1) Let p ≡ 7 (mod 8) be a prime, f the order of 2 modulo p e , and m the smallest odd positive integer such that x 2 + py 2 = 2 m+2 has Z-solutions, then there is no GBF with type [n < . However, in this paper we focus on the nonexistence of GBF in the case that there exist cyclotomic integers with prescribe absolute value. Toward this direction, there are only three results:
(2) Pei(1993) [13] proved that there is no GBF with type [n = 1, q = 2×7]. Notice that the absolute value of (
(3) Ikeda(1999) [6] proved that there is no GBF of type [n = 1, q = 2×p e ], where p ≡ 7 (mod 8) is a prime. This result contains both cases there are or not cyclotomic integers with prescribe absolute values. For example if p = 7, the absolute value of ( [7] proved that there is no GBF with type [n = 3, q = 2 × 23 e ]. Notice that the absolute value of (
In this article we extend the results (2), (4) to a general situation by generalizing the method developed in [6] and [7] .
We need a definition to state our result. Let p ≡ 7 (mod 8) be a prime number, then 2 splits in Q( √ −p). Let p be a prime ideal of Q( √ −p) above 2. We define t p to be the minimal positive integer such that p tp is pricinpal in this article. By Gauss's genus theory, t p is odd. For more about t p , see Remark 2 below. In this article, our main result is the following:
is a prime and the order of 2 modulo p is
then there doesn't exist GBF with type [n = t p , q = 2p]. If p further satisfies 2 p−1 ≡ 1 (mod p 2 ), then there doesn't exist GBF with type [n = t p , q = 2p e ] for every e ≥ 1.
2 , where φ is Euler function. For p < 6 × 10 9 , there is only one p = 3511 ≡ 7 (mod 8) such that 2 p−1 ≡ 1 (mod p 2 ).
Remark 2. Some basic facts about the number t p
Of course, t p is just the order of p in the class group of Q( √ −p). Now we explain the condition n = t p briefly. Fix a prime p satisfying all conditions in the Theorem 1. Let us focus on the nonexistence of GBF with type [n, q = 2p e ] and let n always be odd.
If n < t p , Feng's above result (1) shows that there does not exist an element in Z[ζ p e ] with absolute value q n/2 , so there is no GBF with type [n, q = 2p e ] with n < t p , e ≥ 1. Therefore, Feng's result and our result have shown that there is no GBF with type [n, 2p e ] for every odd n ≤ t p , e ≥ 1.
If n ≥ t p , the case is different from the above. Because there exist cyclotomic integers with absolute value q n/2 , see Lemma 2. Our result treats the case n = t p . However, the case n > t p is unknown even there is no single example be checked.
Proof of Theorem 1
For the basic facts of algebraic number theory used in this paper, one can found them in any standard textbook of algebraic number theory, for example, [11, 5] .
Let p ≡ 7 (mod 8) be a prime such that the order of 2 modulo p is
We have the prime ideal factorization of p and 2 in L and K as follows.
for each e, by the cyclotomic reciprocity law 2O L = pO L pO L , wherep is the complex conjuate of p, and p = PO K , p = PO K are inert in Q(ζ), and L is the decomposition field of 2 in K, also the fixed field by Frobenieus of 2.
Let γ ∈ O L such that p t = (γ), then p t = (γ), where t = t p for simplicity, then γγ = 2 t as elements.
Since the units of O L are ±1, the elements in O L with absolute value 2 t 2 are ±γ and ±γ. Now assume f is a GBF with type [t = t p , q = 2p e ], then F (λ) ∈ O K with absolute value q Proof. Let σ 2 ∈ Gal(K/Q) be the Frobenius of 2, so σ 2 fix P and P. Since the prime ideal factors of α is P and P, so we have ideal equality:
then there is a unit u of O K such that σ 2 (α) = uα, then by Gal(K/Q) is Abelian, we get σ(α)σ 2 (α) = uαuα = 2 t .
Then uū = 1, and by the fact that Gal(K/Q) is abel again, we get σ(u)σ(u) = 1 for every σ ∈ Gal(K/Q). Therefore, u is a root of unity, hence there is a unique i (mod p e ) such that u = ±ζ i . Let β = αζ −i , then
Lemma 2. F (λ) must be one of the following elements
where i ∈ {0, 1, · · · , p e − 1}. In particular,
Proof. It's easily seen that every element above has absolute value q t 2 . By consider their prime ideal factorizations we have
Note that (1 − ζ) = (1− ζ), we know the exact power of (1− ζ) in (F (λ)) must be
et ∈ O K and αα = 2 t . Then by the above lemma, we konw there is a unique i (mod p e ) such that β := αζ −i ∈ O L . Also, ββ = 2 t , and the only elements in O L with absolute value 2 t 2 are ±γ and ±γ, so β = ±γ or ±γ. Hence
for some i.
Lemma 3.
If v ∈ Z t q is an element of order 2, then for every λ ∈ Z t q ,
Proof. (This proof is essencially same as in [6] Lemma 3 and [7] Lemma 8).
As v is of order 2, for x ∈ Z t q , we have ζ x·v q = ±1. So
By the above Lemma, we have
Note that if i = 0, (2) and (1 ± ζ i ) are coprime ideals. So (2)|(F (λ)). It is a contradition to the form of F (λ). Therefore, i = 0.
Let G be the Sylow-2 subgroup fo Z t q , then
Proof. As F is a Fourier transform of ζ f (x) , which is a function from Z t q to S 1 = {z ∈ C : |z| = 1}, we have
Then by the definition of GBF we have F (x)F (x) = q t for each x, so we have
Hence, n i = m i for each i.
Here we review the proof of Ikeda [6] for the case t = 1, since it is the basic idea of this method. First note that if x ∈ N v , x + v ∈ N v , where v is the unique element of order 2 in Z q , hence 2|n v . But n v = q 2 is odd. This is a contradiction.
It can be seen that Ikeda [6] used one 2-order element to prove the case t = 1. In Jiang-Deng [7] , they use three 2-order elements to treat the case t = 3. For the remaining of this article, the goal is to generalize this method systematically to treat the general case.
In the remain of the proof, we assume t ≥ 3 so that |G| ≥ 8. Now we are going to define 2 2 t −1 subsets of Z t q by using all 2-order elements as follows:
Obviously, Z t q is a no intersection union of these subsets. Our main task is to compute the cardinality of each subsets.
Lemma 5. If u, v, w ∈ G − {0} are pairly different and u + v + w = 0, then we have
Proof. (We only need the fact F (λ) / ∈ (2)O K , so the proof below is essentially same as the case p = 23 as in [7] Lemma 11, though they choose three special 2-order elements there).
First, note that
Second, note that the map we have that
This contradict to the Lemma 2.
The following observation (Lemma 6) will make us generalize Ikeda's and Jiang-Deng's method systematically, since it tells us among the 2 2 t −1 sets, there are at most 2 t nonempty sets. And these 2 t sets are rather "nice".
is not a subgroup of G with index 1 or 2, then it must be empty.
Proof. If A := {v i ∈ G|X i = N i } ∪ {0} is not a subgroup, then there are u, v ∈ A such that u + v / ∈ A. Then by the above Lemma
So A is a subgroup and also a F 2 vector subspace of G. If the index of A is larger than 2, then its F 2 -dimension ≤ t − 2, then the dimension of its orthgonal complenent subspace ≥ 2, then at least there are three different element u, v, w / ∈ A. Then by the above Lemma
Proof of The Theorem 1. There are 2 t − 1 subgroups of G with index 2, because the {subgroups of index 2} = {F 2 vector subspace of G with dimsension t−1} ←→ {1−dim F 2 vector subspace of G} by taking the orthgonal complement subspace. Denote them by H 1 , · · · , H 2 t −1 , we sometimes use the symble H to denote some H i . Let
we get an equation
On the other hand
for every i satisfies 1 ≤ i ≤ 2 t − 1, we get 2 t − 1 equations:
Note that each H i − {0} has 2 t−1 − 1 elements. Summing these 2 t−1 − 1 equations we get
Combine with (1), we get n G = q t 2 t = p te is an odd number. However, if x ∈ N G , then we have x+v ∈ N G for all v ∈ G, so 2 t |n G . This contradiction shows that there doesn't exist GBF with type [t = t p , q = 2p e ] for any e ≥ 1, and this completes the proof of our Theorem 1.
GBF From
In this section, we consider another kind of generalized bent function (GBF), and use the same method of the above section we get some similar nonexistence result.
A function f from Z n 2 to Z m is called a GBF with type [n, m] if the equality holds
for every λ ∈ Z n 2 , where x · λ is the standard dot product. There are many constructions of this type GBF, for example see [17] . For nonexistence results, a good reference is [9] , where Liu-Feng-Feng proved many nonexistence results of this type GBF by showing there is no cyclotomic integers with prescribe absolute values (in our case, there exist cyclotoimc integers with prescribe absolute values).
By the same method used in the Section 3, we proved the following theorem : The proof of Theorem 2 is as same as the proof of Theorem 1, we only give a skectch of this proof:
Proof. Let f be a GBF from Z n 2 to Z m , then F (λ)F (λ) = 2 t 2 , where t = t p . The notations below is the same in the above section.
By tracing the proof of Lemma 1,2 we get that F (λ) must be one of the following elements γ · (±ζ i ) or γ · (±ζ i ) i = 0, 1, · · · , p e − 1. In particular, F (λ) / ∈ (2)O K = PPO K . Once we get the form of F (λ) must be, the remain proof is exactly the same as before.
Conclusion and future work
In this article we give some new results of nonexistence of GBF on the condition that there exist cyclotomic integers with prescribe absolute values. Of course, the nonexistence problem is far from solved. Our future work toward the case when the order of 2 modulo p is less than p−1 2 . For example the case p = 31, t 31 = 3, we don't konw whether there exists GBF from Z 3 q to Z q with type [3, q = 2 × 31] at present.
